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Í´Î�Ï·Ð«Ñ 9YC Ñ 9
Ò¼Ó LAI¼Ô·Q�SªÕ�LAI Ó OfSHO8nej�S~OfiMOf]^IKOg_ÃLAGeJ~Q�J Ó O»Ö+NYnYiALMd»×UQWV�]^LRG¸Ø Ò QÙq�LlOgÔÚ]�dgQWXej�Q�P!J Ó O�X;N;n;i[Lld�_�QWV	]eLRG�_;O _�LMÛ
d8]bJ&L§Q�GµÜ�q;LAIªLlJ Ó JKJ�XµÝlÞ^Þ dfS~Of]bJZLlq^O d�Q�V�V�Q�G;I�Ø QWSZ\eÞ�iRLldgOfGYIHOfI&Þ�X;N;naiRLldg_�Q�V	]^LAG�Þ QWSßIKO8GW_à]áilOgJZJKOfSâJ~QãT"SKO8]fJ�Llq�O
T+QWV	V»Q<GYIgÜµäfåeæ	ç¼Q^Ô¼]^SK_èceJZSKOgO JgÜµäfJ Ó>h iMQ<QWS�Üµc�]^G h SZ]^GWdfLRIKd�Q�Ü�T"]�i[LAPRQWSKGaLR];Üaé�åYê ëeäWÜao�cWì�Ø

í�Î#î C´ï´DaBEð46 Ñ ï Ð BEC
ceOgqeO8SZ]�i0V�]�J Ó O8V	]bJ&LMdf]^ipJ Ó OgQWS~O8V�I�S~OfiMj¹QWGñG<NaV»O8SZLMdf]^ipd�QWV	X;N;JZ]�JZLMQWG¹Q�P�S~Of]�i0GWN;V�naO8S�q�]^iANWO8I�LAG�J Ó O8LAS
X;SHQWQ�P«I�Ø�ò�GWOßO ó;]�V�X;ilO¥LRI>J Ó Oß_aLAIªXaS¤QWQWP�QWP�J Ó O¥ô>O8SKJKOfGYI�d�Q�Gfs~O dgJZNYS~Oöõlê8ä8÷�Ø Ò¼Ó Oøô`O8SHJZO8GYI>d�Q<G�sHOgd JZNYS~O
d8iA]^LAV�I�J Ó ]bJ�J Ó OÙ]en;IHQ�iRN�JKO�q�]eiRNWOfI0Q�P+J Ó OÙXY]^SKJZLA]^i+IZN;V�I�Q�P$J Ó O>ô�ùWnYLRN;I»PyN;GWd J&LMQ<Gø]^S~OÙnYQ<NaGW_;O _únejèJ Ó O
IªûWN;]eS~OÃS~QWQ^JÙP«NYG�dgJZLlQ<G´Ø Ò¼Ó O�dgQWGfsHO dgJ�N;S~OÃLAV�X;iALMOfI�J Ó OèmULlO8V�]�GYG Ó j;XYQ^J Ó O8IZLAI�Ø»ò�_µiMj;ügÕfQú]^GW_�JªOèmULlO8ilO^ýMI
_aL[IKXYSHQWQWPpLAGeqbQWilq^OfI»d�Q<V�X;N�J&LAG;\ÃJ Ó O�þ;SZIHJ Ó N;GW_µSHOg_¹_;O d8LAV�]�i$_aLA\^LlJZI�QWP"J Ó O�þ;SZI~J�JªÔ%QèJ Ó Q�N;Iª]^G�_¹ü�O8S~Q<I�QWP
J Ó O�mpLMOfV�]�G;G�ü�O JZ]	PyN;G�dgJ�L§Q�GµØ

ì�G<Q<J Ó OfS�O ó�]eV	XYilOèLRIÙç�]^iMOfI�ý§IÙP«]eV�QWN;IÙX;SHQWQ�P	õ ÿf÷�Q<P�J Ó O���OfX;iMOfS�dgQWGfsHO dgJ�N;S~OeØ ÒUÓ LAI�XYSHQWQWP0LAGeq�QWilq^OfI
q^O8SªL[PAj�LAG;\�J Ó Q�N;Iª]eGW_aIUQ<PkGWQWGYiALRGWOf]^S�LRG;O8û<NY]�i[LlJZLlO8IUQfqeO8SUJ Ó O�S~Of]�i!GWN;V�nYO8SZI�Ø Ò¼Ó O8IKO�LAGWO8ûWN;]eiRLlJ�LMOfI¼Ô$O8SKO�q^OfSªLMÛ
þWOg_�nej.IªXaO d8LA]�i�XYN;SªXYQWIKO I~QWPAJZÔ$]eS~OeØ�o�GYPRQ�SHJ�N;G;]bJªO8iRjµÜ0J Ó O#XYOgOfSßSHOgq;LROgÔ XYS¤Q�d O8IZI Ó ]^IâPy]�L[ilOg_ãJ~QÚPyN;iAiMj
]bdgd O8XWJ�J Ó O	X;S~Q<QWPk]^I¼dgQ<SZS~O dgJgØ"ìpP[JªO8S�PRQWN;SUj^O8]^SªIgÜYJ Ó O�JZÔ+Ofilq^O�SHOfP[O8S~OgOfI¼d�Q�N;iR_>QWG;ilj�d8iA]^LAVàJKQ�naO�é^é���d O8S~Û
J&]�LAGèQ<P%J Ó O�d�QWSZSHO dgJ�GWO8IZI�Q<P%J Ó O�X;S~QWQ<P¤ØpFHGâS~OfIªX;QWGYI~OeÜ!ç�]eiMOfI Ó ]eI�d8SKO8]bJªOg_âJ Ó O�� x��	��
����� XYSHQ^s~O dgJgÜE]�X;SHQeÛ
s~Ogd J�JªQâd8SKO8]bJªO`]¦I~QWPAJZÔ$]eS~O>qeO8SKLAþ�O _ XYSHQWQWP¼QWPUJ Ó O���OfX;iRO8S»d�Q�Gfs~Ogd JZNaSHO^Ø�ì PyNYiRiUIHQWP[JªÔ"]^S~O>q^OfSªLAþWO _ XaS¤QWQWP
ÔpLRi[iµq�OfSªLAPAj�nYQ^J Ó J Ó O�V�]bJ Ó OfV�]fJ�LMdf]�i¸]^G�_�dgQWV	XYN�JZ]bJ&LlQ<GY]�i4X;]^SKJZI$QWP4J Ó O�X;S~QWQWP4J~QW\bOgJ Ó O8SgØ

ôÃ]�Gej¦QeJ Ó O8S�X;S~QWQ<PyI�SHO8iRj¦Q<GúS~Of]�i"G<NYV�naO8S�d�Q<V�XYNWJ&]bJ&LMQWGµØ�ìpiAi+Q<P"J Ó O8IKO�XYSHQWQ<PyI�SKO8ûWN;LAS~O>]ÃI~Q<P[JKÔ¼]^S~O
q^O8SªL[þWOg_#LAV�X;iMOfV»O8GeJ&]bJ&LMQWG¥Q<P0SHOf]^iUGWN;V»naO8S�]^SªLRJ Ó V�O JZLldÃnYOfPRQWS~O�J Ó OfI~O`XaS¤QWQWP«I	df]^G nYO�q^O8SªL[þWOg_#nej¥dgQ<V»Û
X;N�JªO8SgØ��%jÃLAV�X;ilO8V�O8GeJ&]bJZLMQWG´Ü4FUV�O8]�G¦]�IHQ�PAJªÔ"]^SKO»qeO8SKL[þWO _âiALAn;Sª]eSHj�QWPkd�Q�GeJZLAG<N�Q<NYI0P«NaGWdgJ&L§Q�G;I�Q<G�� Ô�LlJ Ó
Ô Ó Lld Ó d�Q�V	XYNWJ&]bJ�L§Q<GaI»d8]^G¹nYO�_;QWGWO>J~Q¥]�SZn;LlJ&Sª]^SKj¥X;SKOgd8LAIZL§Q�GµØ�ò�GWO`IªNWd Ó iALRn;SZ]^S~j Ó ]eI�naO O8G¥d8SHOb]fJZOg_�n�j
T"SªN;ü�Û h L[iALRXYOÙ]�I�]�XYSHQ�_aNWd8J0QWP Ó LAI�I~Q<P[JªÔ"]eSHO�q^OfSªLAþWO _ßd�Q<GaIHJ�SKN�d JZLlq^O�X;S~QWQWP·QWP+J Ó O�PyN;GW_µ]�V�O8GeJZ]eiÈJ Ó O�Q<SKO8V
QWP4d8]^ild8NYiRNaI�õ å�÷�Ø

� Ó O8G#d�Q<GaI~J&SªN�dgJZLRq�OßV	]bJ Ó O8V�]�JZLld8I�LAI�N;IKOg_áPRQWS�S~Of]�IHQ�G;LAG;\�ÜU]�iA\fQ�SKLRJ Ó V�I�]^S~OèdgQ<GeJ&]^LAG�Og_*LAG;IZLM_YOèJ Ó O
X;SHQWQ�P«I�Ø Ò¼Ó O8IKO�]�iR\bQWSªLMJ Ó V�I�d8]eGânYO�O óWOgd8N�JªO _ßLAGâ]�P«N;G�d JZLMQWG;]ei·iA]^G;\eN;]^\fOeØ�ò0G�O�df]�GßIHO O�J Ó LAI�]eI�XY]�SKJ0QWP
J Ó O��$LAI Ó QWXµý§I¦X;S¤Q�\^SK]eV�J~Q*IKOgOødgQWG;IKJZSZNWd J&Llq^OúV	]�J Ó OfV	]bJZLld8Iè]^Iè]#X;S~Q<\^SZ]�V�V	LRGa\#iA]�GY\�Na]�\bOeØ��%Ogdf]�NYI~O
T"SªN;ü�Û h L[iALRXYO^ýMI�X;S~QWQ<P"LRI�d�QWGYI~J�SKN;dgJZLlq^OeÜ¸J Ó O�PyN;GWd J&LMQ<GaI�LRG Ó LRI�iAL[n;SK]eS~jèd8]eG¦]�dgJ&NY]�iAiRj¦nYO�Ogq�]^iAN;]�JKOg_!Øpç¼QeÔ¼Û
Ogq^OfS�Ü�TUSKNYü�Û h LAiRLAXaO^ý§I"d�QWGYIHJ�SKN;dgJ&L§Q�G�Ô¼]^I¼GWQeJ¼_YOfIªLA\�G;Og_>ÔpLMJ Ó O��»d8LlO8G�d jÙLAG�V	LRG�_4ÜaIHQaÜaN;GaPRQWS~J&N;GY]bJKOfiRj�ÜYOgq�]^iMÛ
N;]bJ&LMQWG¹LAI�G<Q<J�XaSK]�dgJZLRdf]�i�õ ä ÷¤Ø Ò¼Ó O8S~O8PAQ<SKO^Ü+L[P¼QWGWO>Ô¼]^GeJZI�JªQßnaO`]^nYiMO�JKQ Ó ]^GW_ailO�J Ó OÃX;SHQWn;iRO8V	I�O8GWdgQWN;G�Û
JªOfSHOg_`LAGÙJ Ó O�]ePRQWS~O8V�O8GeJ&L§Q�GWOg_`V�]fJ Ó O8V�]bJ&Lld8]�i4XYS¤QWQ�P«I�Üa]�G�OgÔ iRLAn;SZ]^SHj>LRIpGWOgO _;Og_!Ø
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Ò¼Ó LAIpX;]eXYOfSpX;S~QWX;QWIKO8I�]�G�O Ôád�QWGYI~J�SKN;dgJZLlq^O�LAV	X;ilO8V�OfGeJZ]bJ&L§Q�G�QWPkS~O8]ei!GWN;V»nYOfSKIgØ$ì�G�L[V�XYiMObV»O8GeJZ]�JZLlQ<G
J Ó ]bJ�]�JKJªO8V�XWJ�I�J~Q`n;O�IªLAV�X;ilO	]eGW_¦O8ilO8\�]eG^J Ü4]�G�_â]bJ�J Ó O	IZ]�V�O�JZL[V»O	X;SZ]bd JZLld8]ei4OfG<QWNY\ Ó JªQ`SKN;GÃJ Ó O	dgQ<V»Û
X;N�J&]bJZLMQWGYI�GWOgO _YOg_ßnej`J Ó O�X;SHQWQ<P·QWP·J Ó O ��OfX;ilO8S�d�QWGbsHOgd J&NYS~O�]�G;_ÃQ<J Ó OfS�V�]�J Ó O8V	]bJ&LMdf]^iEJ Ó O�Q�SHO8V�IgØ Ò¼Ó L[I
Ô+Q�SKÕÙd�Q�G^J&SªLAn;NWJZO8I�GWQ^J�Q<G;iRj�JKQÙJ Ó O � x � ��
 � ��� XYS¤QesHO dgJ8ÜµnYNWJpJªQ�]^Gej�XYSHQesHOgd J�SKO8ûWN;LASªLAG;\Ù]	q^OfSKL[þWOg_¦iRLAnYSª]^SHj
QWPEP«NYGWd JZLlQ<GYI¼P[Q<S"Ogó;]fd J�SHOf]^i¸]^SªLlJ Ó V�O J&Lld^Ø

ceOgd J&LMQWG � LRGeJ&SHQ�_aNWd O8I0J Ó O�G<Q<JZLMQWGÃQWP$]>SHO8\eN;iA]^S�PyN;G�dgJ�L§Q<G¸Øpm"O8\eN;iA]^S�P«NYG�dgJZLMQWGYI�]�SKO�]�\bO8G�OfSK]eiRLAüg]�JZLlQ<G
QWP��"LRI Ó Q�Xø]�G�_ �"SZLM_�\bO8Igý§I»G<Q<JZLMQWG¦QWP¼]`S~Of\^N;iA]^S»I~OfûWNWO8GWd8O¦õlê�÷�Ø�ceO dgJ�L§Q�Gßæ�_aLAIKd8N;IZI~OfI Ó Q^ÔàS~Of\�NYiA]�S�P«N;G�dgÛ
J&LMQ<GYI�ÜaNYG�_;O8SU]	IZN;LlJ&]�naiMO�OfûWN;LMq�]eiMOfG�dgO�SKO8iA]bJ&L§Q�GµÜaPAQ<SZVà]�dgQ<V�X;ilOgJ&LMQWG�Q�P!]eGej�V»OgJ&SªLld�IªXY]bdgOeØ

ceOgd J&LMQWG�å�I Ó Q<ÔpI¼J Ó ]fJpJ Ó O�dgQWV	X;ilOgJ�L§Q�GÙQWXYO8SZ]bJ&L§Q�GÙQWPk]�V�OgJ&SªLld»IZX;]bd O»PAQ<SZV	I�]�V»QWGY]f_!Ø%ì V�QWGY]b_ÃL[I
]^Gß]�naI~J&Sª]fd J»IKJZSZNWdgJ�N;SKO�d�QWGYIªLAI~J�LAG;\ÙQWP"]�JHj;XaO�d�Q<GaIHJ�SKN;dgJ~Q�S�]^G�_ßJ Ó S~OgOÙP«NaGWdgJ&L§Q�G;IgÝEN;GaLMJ ÜEV	]^XµÜÈ]^GW_�s¤Q�LRG´Ø
Ò¼Ó O8I~OÙJ Ó S~OgO�PyN;GWd J&LMQ<GYI�V�NYI~J�Iª]�JZLAIªP«jßIKOgqeO8GúV�Q�G;]b_ iR]bÔ�I�ÜÈÔ Ó Lld Ó ]eS~O>\^Llq^O8GúLRGúIHO8dgJ&L§Q�G¥åWØ[ê�Ø�ô�QWGY]b_aLld
X;SHQ�\�SZ]^V	V�LRGY\ JªO d Ó G;LAûWNWO8I Ó ]8q�O nYO O8GÚI Ó Q<ÔpGáJ~Q*naO N;I~OfP«NYi�PRQWSèX;SHQ�\�SZ]^V	V	LAGY\ J&]^IªÕWI¦IªNWd Ó ]�IèFKÞ�ò»Ü
OgóWdgOfXWJ&LMQWGYI�Ü+G�Q<GWÛ�_YOgJªO8SZV	LRG;L[IªV�Ü+]^GW_#V	]^GejúV»Q<SKO¥õRê�ê�÷~õMê�� ÷¤Ø Ò¼Ó O`Py]fd J�J Ó ]bJ�J Ó O>dgQWV	X;iROgJ&L§Q�GßQ�XYOfSK]�JZLlQ<G
PAQ<SZV�I	]¦V�QWG;]�_¹LAI�GWQeJ�IHQâOgóWd8LlJ�LRG;\;Ü·n;NWJ	Ô Ó ]bJ�LAI�O óWd8LlJ&LAG;\¦LRI»J Ó ]fJ	J Ó OfI~O�V»Q<Ga]f_¹PyNYGWd J&L§Q�G;I	]�SKOÙqeO8SHj
N;I~OfPyN;i%PAQ<S�_YO8þ;GaLRG;\ÃP«N;G�d JZLMQWG;I�QfqeO8S0dgQWV	XYilOgJªOg_úV»O JZSZLMdÙIZX;]�dgO8I»nejâiALRPAJ�LAG;\`N;G;LAPAQ<SZV	iRjÃd Q<GeJ&LAGWN<QWN;I»P«N;G�dgÛ
J&LMQ<GYI�QWGâJ Ó O�Q�SªLA\�L[G;]ei+V�OgJ&SªLld�IZX;]�dgO^Ø�ceOgd J&LMQ<Gúä`I Ó QeÔpI Ó Q^Ô�J Ó LRI�X;SHQWd OfIªI�df]^GønYO�NYI~O _øJKQè_;O8þaGWO�J Ó O
S~Of]�i¸GWNYV»n;OfSªIU]^G�_>_;O8þYGWO�J Ó O�O8ilO8V»O8GeJ�]�S~j>P«NYGWd JZLMQWG;I"QfqeO8S���Ø

�+O d8]eN;I~O	Q�GWO�\fQ�]�iÈQWP+J Ó LAI0Ô%Q<SªÕèLRI�JKQÃnaO�]^n;ilO�JªQ`Ogq�]^iAN;]bJªO�Ogó;XYS~O8IZIªLMQWGYI0J~Qè]�\eLMqeO8GâX;SKOgd8LAIZL§Q�G¦LAGß]
S~Of]�IHQ�G;]^nYiMOÙ]^V»QWN;GeJ�Q<P%J�LRV»OeÜEIKOgdgJ&L§Q�Gøÿ>\�LRq�O8I»I¤Q�V�O�V�L[G<Q�S0O8G Ó ]^GWd O8V�OfG^J&I0JªQ`J Ó O�LAV�X;ilO8V»O8GeJ�]fJ�L§Q�GÃJªQ
LRV�X;S~Qbq^O`XYO8SZPRQWSKV�]eGWdgOeØ»ceOgd J&LMQWG��>dgQWV	XY]^S~OfI�J Ó O`SZN;G<Û¤J&LAV»OÙQ�Pp]âçp]eIªÕbO8iAi¼XYS¤Q<J~Q<JHj�XaO�L[V�XYiMObV»O8GeJZ]�JZLlQ<G
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Base.hs


module Base where

import Ratio

type Base = Rational

approxBase :: Base -> Rational -> Base
approxBase = approxRational

powers x = zipWith (%) (genpowers n) (genpowers d)
  where
   n = numerator x
   d = denominator x
   genpowers x = 1:(map (x*) (genpowers x))











Complete.hs


module Complete where

type Gauge = Rational -- Intended to be strictly positive

-- Intended that d (f x) (f y) <= x + y
type Complete a = Gauge -> a

completeComplete :: (Complete (Complete a)) -> Complete a
completeComplete f eps = (f (eps/2)) (eps/2)

-- A uniformly continuous function on some subset of a to b
-- Hopefully the name of the function gives an indication of
-- the domain.
data UniformCts a b = UniformCts 
        {modulus :: (Gauge -> Gauge),
         forgetUniformCts :: (a -> b)}

evalUniformCts :: UniformCts a b -> Complete a -> Complete b
evalUniformCts (UniformCts mu f) x eps = f (x (mu eps))

evalUniformCts2 :: UniformCts a (Complete b) -> Complete a -> Complete b
evalUniformCts2 f x = completeComplete $ evalUniformCts f x

completeUniformCtsRange :: Complete (UniformCts a b) -> 
                           UniformCts a (Complete b)
completeUniformCtsRange f = UniformCts mu g
 where
  mu eps = modulus (f (eps/2)) (eps/2)
  g x eps = forgetUniformCts (f eps) x

evalBinaryUniformCts :: UniformCts a (UniformCts b c) -> 
                        Complete a -> Complete b -> Complete c
{- This was the original implementation.
evalBinaryUniformCts f x =
  evalUniformCts2 $ completeUniformCtsRange $ evalUniformCts f x
-}

{- This implementation seems better -}
evalBinaryUniformCts f x y eps = (evalUniformCts approxf y) (eps/2)
 where
  approxf = (evalUniformCts f x) (eps/2)










CReal.hs


module CReal where

import Base
import Complete
import Control.Exception

radius :: Base
radius = 2^^(-51)

data CReal = CReal {approx :: Complete Base, 
                    intApprox :: Integer}

bound x = fromInteger (1+(abs (intApprox x)))

makeCReal :: Complete Base -> CReal
makeCReal x = CReal x' n
 where
  n = round (x (1/2))
  x' eps | eps >= 1 = fromInteger n
         | otherwise = x eps

{- produces a regular function whose resulting approximations are 
   small in memory size -}
compress :: Complete Base -> Complete Base
compress x eps = approxBase (x (eps/2)) (eps/2)

squish :: CReal -> Complete Base
squish = compress . approx

instance Show CReal where
 show x = error "Cannot show a CReal"
 {- show x = show $ map (\n -> squish x ((1/2)^n)) [0..] -}

realBase :: Base -> CReal
realBase x = makeCReal (const x)

approxRange :: CReal -> Gauge -> (Base, Base)
approxRange x eps = (r-eps, r+eps)
 where 
  r = approx x eps

{- proveNonZeroFrom will not terminate if the input is 0 -}
{- Finds some y st 0 < (abs y) <= (abs x) -}
proveNonZeroFrom :: Gauge -> CReal -> Base
proveNonZeroFrom g r | high < 0 = high
                     | 0 < low = low
                     | otherwise = proveNonZeroFrom (g/2) r
 where
  (low, high) = approxRange r g

proveNonZero = proveNonZeroFrom 1

makeCRealFun :: (UniformCts Base Base) -> CReal -> CReal
makeCRealFun f x = makeCReal $ evalUniformCts f (squish x)

makeCRealFun2 :: (UniformCts Base (Complete Base)) -> CReal -> CReal
makeCRealFun2 f x = makeCReal $ evalUniformCts2 f (squish x)

makeCRealBinFun :: (UniformCts Base (UniformCts Base Base)) -> 
                   CReal -> CReal -> CReal
makeCRealBinFun f x y = 
  makeCReal $ evalBinaryUniformCts f (squish x) (squish y) 

negateCts = UniformCts id negate

realNegate :: CReal -> CReal
realNegate = makeCRealFun negateCts

plusBaseCts a = UniformCts id (a+)
realTranslate a = makeCRealFun (plusBaseCts a)

plusCts :: UniformCts Base (UniformCts Base Base)
plusCts = UniformCts id plusBaseCts

realPlus :: CReal -> CReal -> CReal
realPlus = makeCRealBinFun plusCts 

instance Eq CReal where
 a==b = 0==proveNonZero (realPlus a (realNegate b))

multBaseCts 0 = UniformCts (const 1) (const 0)
multBaseCts a = UniformCts mu (a*)
 where
  mu eps = eps/(abs a)

realScale :: Base -> CReal -> CReal
realScale 0 = \_ -> realBase 0
realScale a = makeCRealFun (multBaseCts a)

{- \x -> (\y -> (x*y)) is uniformly continuous on the domain (abs y) <= maxy -}
multUniformCts :: Base ->
                  UniformCts Base (UniformCts Base Base)
multUniformCts maxy = UniformCts mu multBaseCts
 where
  mu eps = assert (maxy>0) (eps/maxy)

{- We need to bound the value of x or y.  I think it is better to bound
   x so I actually compute y*x -}
realMult :: CReal -> CReal -> CReal
realMult x y = makeCRealBinFun (multUniformCts (bound x)) y x

absCts = UniformCts id abs

realAbs :: CReal -> CReal
realAbs = makeCRealFun absCts

instance Num CReal where
 (+) = realPlus
 (*) = realMult
 negate = realNegate
 abs = realAbs
 signum x = realScale (signum (proveNonZero x)) (realBase 1)
 fromInteger = realBase . fromInteger

{- domain is (-inf, nonZero] if nonZero < 0
   domain is [nonZero, inf) if nonZero > 0 -}
recipUniformCts :: Base -> UniformCts Base Base
recipUniformCts nonZero = UniformCts mu f
 where
  f a | 0 <= nonZero = recip (max nonZero a)
      | otherwise = recip (min a nonZero)
  mu eps = eps*(nonZero^2)

realRecipWitness :: CReal -> Base -> CReal
realRecipWitness x nonZero = makeCRealFun (recipUniformCts nonZero) x

realRecip :: CReal -> CReal
realRecip x = realRecipWitness x (proveNonZero x)

instance Fractional CReal where
 recip = realRecip
 fromRational = realBase . fromRational

intPowerCts _ 0 = UniformCts (const 1) (const 1)
intPowerCts maxx n = UniformCts mu (^n)
 where
  mu eps = assert (maxx > 0) $ eps/((fromIntegral n)*(maxx^(n-1)))

realPowerInt x n = makeCRealFun (intPowerCts (bound x) n) x

type Polynomial a = [a]

evalPolynomial :: (Num a) => Polynomial a -> a -> a
evalPolynomial [] x = 0
evalPolynomial (a:as) x = a + x*(evalPolynomial as x)

diffPolynomial :: (Num a) => Polynomial a -> Polynomial a 
diffPolynomial p = zipWith (*) (tail p) (map fromInteger [1..])

polynomialUniformCts :: Base -> 
                        Polynomial Base -> UniformCts Base Base
polynomialUniformCts _ [] = UniformCts (const 1) (const 0)
polynomialUniformCts maxx p |maxSlope==0 = UniformCts (const 1) (const (head p))
                            |otherwise = UniformCts mu (evalPolynomial p)
 where
  maxSlope = evalPolynomial (map abs (diffPolynomial p)) (max 1 maxx)
  mu eps = assert (maxSlope > 0) $ eps/maxSlope

realBasePolynomial :: Polynomial Base -> CReal -> CReal
realBasePolynomial p x = 
 makeCRealFun (polynomialUniformCts (bound x) p) x

factorials = fact 1 1
 where
  fact i j = i:(fact (i*j) (j+1))

interleave [] _ = []
interleave (x:xs) l = x:(interleave l xs)

taylorApprox m p x eps =
  sum (zipWith (*) p (takeWhile highError preTerms))
 where
  preTerms = zipWith (/) (powers x) factorials
  highError t = m*(abs t) >= eps
  
{- only valid for x <= ln(2).  Works best for |x| <= 1/2 -}
rationalSmallExp :: Base -> CReal
rationalSmallExp x = assert ((abs x)<=(1/2)) $
  makeCReal $ expTaylorApprox
 where
  m | x <= 0 = 1
    | otherwise = 2
  expTaylorApprox eps =
    sum terms
   where
    terms = takeWhile highError $ zipWith (/) (powers x) factorials
    highError t = m*(abs t) >= eps

rationalExp :: Base -> Base -> CReal
rationalExp tol x | (abs x) <= tol = rationalSmallExp x
                  | otherwise = realPowerInt (rationalExp tol (x/2)) 2

expUniformCts :: Integer -> UniformCts Base (Complete Base)
expUniformCts upperBound = UniformCts mu (approx . rationalExp radius)
 where
  mu eps | upperBound <= 0 = eps*(2^(-upperBound))
         | otherwise = eps/(3^upperBound)

realExp :: CReal -> CReal
realExp x = makeCRealFun2 (expUniformCts (1+intApprox x)) x

{-Requires that abs(a!!i+1) < abs(a!!i) and the sign of the terms alternate -}
alternatingSeries :: [Base] -> Complete Base
alternatingSeries a eps = sum partSeries
 where
  partSeries = (takeWhile (\x -> (abs x) > eps) a)

rationalSin :: Base -> Base -> CReal
rationalSin tol x | tol <= (abs x) = 
                     realBasePolynomial [0, 3, 0, (-4)] (rationalSin tol (x/3))
                  | otherwise = CReal (alternatingSeries series) 0
 where
  series = fst $ unzip $ iterate (\(t,n) -> (-t*(x^2)/(n^2+n),n+2)) (x, 2)

sinCts :: UniformCts Base (Complete Base)
sinCts = UniformCts id (approx . rationalSin radius)

realSlowSin :: CReal -> CReal
realSlowSin = makeCRealFun2 sinCts

realSin :: CReal -> CReal
realSin x | 0==m = realSlowSin x'
          | 1==m = realSlowCos x'
          | 2==m = negate $ realSlowSin x'
          | 3==m = negate $ realSlowCos x'
 where
  n = intApprox (x / realPi2)
  m = n `mod` 4
  x' = x - (realScale (fromInteger n) realPi2)

rationalCos :: Base -> Base -> CReal
rationalCos tol x = realBasePolynomial [1, 0, (-2)] (rationalSin tol (x/2))

cosCts :: UniformCts Base (Complete Base)
cosCts = UniformCts id (approx . rationalCos radius)

realSlowCos :: CReal -> CReal
realSlowCos = makeCRealFun2 cosCts

realCos :: CReal -> CReal
realCos x | 3==m = realSlowSin x'
          | 0==m = realSlowCos x'
          | 1==m = negate $ realSlowSin x'
          | 2==m = negate $ realSlowCos x'
 where
  n = intApprox (x / realPi2)
  m = n `mod` 4
  x' = x - (realScale (fromInteger n) realPi2)

{- computes ln(x).  only valid for 1<=x<2 -}
rationalSmallLn :: Base -> CReal
rationalSmallLn x = assert (1<=x && x<=(3/2)) $
  makeCReal $
  alternatingSeries (zipWith (*) (poly 1) (tail (powers (x-1))))
 where
  poly n = (1/n):(-1/(n+1)):(poly (n+2))

{- requires that 0<=x -}
rationalLn :: Base -> CReal
rationalLn x | x<1 = negate (posLn (recip x))
             | otherwise = posLn x
 where
  ln43 = rationalSmallLn (4/3)
  ln2 = wideLn 2
  {- good for 1<=x<=2 -}
  wideLn x | x < (3/2) = rationalSmallLn x
           | otherwise = (rationalSmallLn ((3/4)*x)) + ln43
  {- requires that 1<=x -}
  posLn x | n==0 = wideLn x
          | otherwise = (wideLn x') + (realScale n ln2)
   where
    (x',n) = until (\(x,n) -> (x<=2)) (\(x,n) -> (x/2,n+1)) (x,0)

{- domain is [nonZero, inf) -}
lnUniformCts :: Base -> UniformCts Base (Complete Base)
lnUniformCts nonZero = UniformCts mu f
 where
  f x = approx $ rationalLn (max x nonZero)
  mu eps = assert (nonZero > 0) $ eps*nonZero

realLnWitness :: CReal -> Base -> CReal
realLnWitness x nonZero = makeCRealFun2 (lnUniformCts nonZero) x

realLn :: CReal -> CReal
realLn x = realLnWitness x (proveNonZero x)

{- only valid for (abs x) < 1 -}
rationalSmallArcTan :: Base -> CReal
rationalSmallArcTan x = assert ((abs x)<(1/2)) $ makeCReal $
  alternatingSeries (zipWith (\x y->x*(y^2)) (series 0) (powers x))
 where
  series n = (x/(n+1)):(-x/(n+3)):(series (n+4))

rationalArcTan :: Base -> CReal
rationalArcTan x | x <= (-1/2) = negate $ posArcTan $ negate x
                 | otherwise = posArcTan x
 where
  {-requires (-1/2) < x-}
  posArcTan x | 2 < x = realPi2 - rationalSmallArcTan (recip x)
              | (1/2) <= x = realPi4 + rationalSmallArcTan y
              | otherwise = rationalSmallArcTan x
   where
    y = (x-1)/(x+1)

arcTanCts :: UniformCts Base (Complete Base)
arcTanCts = UniformCts id (approx . rationalArcTan)

realArcTan :: CReal -> CReal
realArcTan = makeCRealFun2 arcTanCts

{- Computes x * Pi -}
{- http://aemes.mae.ufl.edu/~uhk/PI.html -}
scalePi :: Base -> CReal
scalePi x = 
 ((realScale (x*48) (rationalSmallArcTan (1/38))) + 
  (realScale (x*80) (rationalSmallArcTan (1/57)))) +
 ((realScale (x*28) (rationalSmallArcTan (1/239))) +
  (realScale (x*96) (rationalSmallArcTan (1/268))))

real2Pi = scalePi 2
realPi = scalePi 1
realPi2 = scalePi (1/2)
realPi4 = scalePi (1/4)

nestedBalls :: [(Base, Base)] -> Complete Base
nestedBalls ((lb,ub):bs) eps | (ub - lb) < 2*eps = (ub+lb)/2
                             | otherwise = nestedBalls bs eps

{- My algorithm -}
{-
rationalSqrt :: Base -> CReal
rationalSqrt x = makeCReal (nestedBalls (iterate betterBounds (0,(1+x)/2)))
 where
  betterBounds (lb, ub) = assert (lb <= lb' && lb' <= ub' && ub' <= ub) $
    (lb', ub')
   where
    intercept a b = (x + a*b)/(a+b)
    lb' = intercept lb ub
    ub1 = intercept lb lb
    ub2 = intercept ub ub
    ub' = if (lb > 0) then (min ub1 ub2) else ub2
-}
{- Freek's algorithm -}
rationalSqrt :: Base -> CReal
rationalSqrt n | n < 1 = realScale (1/2) (rationalSqrt (4*n))
               | 4 <= n = realScale 2 (rationalSqrt (n/4))
               | otherwise = makeCReal (\eps -> f eps)
 where
  f eps = fst $ until (\(x,err) -> err <= eps) newton ((1+n)/2, 1/2)
  newton (x,err) = (approxBase x' e1, e1*2)
   where
    x' = (n+x^2)/(2*x)
    e1 = err^2/2

sqrtCts :: UniformCts Base (Complete Base)
sqrtCts = UniformCts (^2) (approx . rationalSqrt)

realSqrt :: CReal -> CReal
realSqrt = makeCRealFun2 sqrtCts

instance Floating CReal where
 exp = realExp
 log = realLn
 pi = realPi
 sin = realSin
 cos = realCos
 atan = realArcTan
 sqrt = realSqrt
 sinh x = realScale (1/2) (exp x - (exp (-x)))
 cosh x = realScale (1/2) (exp x + (exp (-x)))
 asin x = atan (x/sqrt(realTranslate 1 (negate (realPowerInt x 2))))
 acos x = realPi2 - asin x
 acosh x = log (x+sqrt(realTranslate (-1) (realPowerInt x 2)))
 asinh x = log (x+sqrt(realTranslate 1 (realPowerInt x 2)))
 atanh x = realScale (1/2) 
   (log ((realTranslate 1 x) / (realTranslate 1 (negate x))))

{- testing stuff is below -}
test0 = makeCReal id

answer n x = shows (intApprox (realScale (10^n) x))
  "x10^-"++(show n)

sumRealList :: [CReal] -> CReal
sumRealList [] = realBase 0
sumRealList l = makeCReal (\eps -> sum (map (\x -> approx x (eps/n)) l))
 where
  n = fromIntegral $ length l
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