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Types

A ⇒ B
a -> b



 

Types

A × B
(a, b)



 

Types

A + B
Either a b



 

Types

1
()



 

Types

ℕ
data Nat = O | S Nat
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Dependent Types

Vec :: Nat -> * -> *
Vec O _ = ()
Vec (S n) a = (a, Vec n a)



 

Dependent Types

B : A ⇒ ★

∏a:A. (B a)



 

Dependent Types

vZero : ∏n:ℕ. Vec n ℕ
vZero O = ()
vZero (S n) = (O, vZero n) 



 

Dependent Types

vAppend :

∏n:ℕ. Vec n ℚ ⇒ ∏m:ℕ. Vec m ℚ ⇒ Vec (n+m) ℚ



 

Dependent Types

B : A ⇒ ★

∑a:A. (B a)



 

Dependent Types

data Country = CA | US
newType ZipCode = ...
newType PostalCode = ...



 

Dependent Types

PostalType :: Country -> *
PostalType CA = PostalCode
PostalType US = ZipCode



 

Dependent Types

∑c:Country. PostalType c

(CA, read “K1A 0B1”)
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A ∧ B
A × B



 

Logic

A ⇒ B
A ⇒ B



 

Logic

A ∨ B
A + B



 

Logic

⊤
1



 

Logic

⊥
0

data Void



 

Logic

¬A := A⇒⊥



 

Logic

((),()):⊤ ∧ ⊤
((),()):1 × 1
((), ()) : ((), ())



 

Logic

left ():⊤ ∨ ⊥
left ():1 + 0

left () : Either () Void



 

Logic

id: A ⇒ A
id : a -> a



 

Logic

abort: ⊥ ⇒ A
abort H = case H of {}



 

Logic

((),??):⊤ ∧ ⊥



 

Logic

??: ⊥



 

Inconsistency

fix id: ⊥



 

Consistency

General 
Recursion



 

Consistency

Structural 
Recursion



 

Structural Recursion

Vec :: Nat -> * -> *
Vec O _ = ()
Vec (S n) a = (a, Vec n a)



 

Structural Recursion

All Functions 
Terminate



 

Structural Recursion

Decidable 
Typechecking
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ℕ



 

Mathematics

(+) : ℕ ⇒ ℕ ⇒ ℕ

O + m := m
S n + m := S (n + m)



 

Mathematics

(==) : ℕ ⇒ ℕ ⇒ Bool

O == O := True
S n == S m := n == m
_ == _ := False



 

Mathematics

〈·〉 : Bool ⇒ ★
〈True〉 := ⊤
〈False〉 := ⊥



 

Mathematics

(): 〈2+2 == 4〉
(): ⊤ 



 

Mathematics

?? : 〈0 == 1〉
?? : ⊥



 

Quantifiers

∀a:A. (B a)
∏a:A. (B a)



 

Quantifiers

∃a:A. (B a)
∑a:A. (B a)



 

Lemma 1

lemma1 : ∀n:ℕ. 〈n == n + O〉
lemma1 O := ()
lemma1 (S n) := lemma1 n



 

Lemma 1

lemma1 O : 〈O == O + O〉
lemma1 O : ⊤

() : ⊤
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lemma1 O : 〈O == O + O〉
lemma1 O : ⊤

() : ⊤



 

Lemma 1

lemma1 (S n) : 〈S n == S n + O〉
lemma1 (S n) : 〈S n == S (n + O)〉
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Lemma 1

lemma1 (S n) : 〈S n == S n + O〉
lemma1 (S n) : 〈S n == S (n + O)〉
lemma1 (S n) : 〈n == n + O〉

lemma1 n : 〈n == n + O〉



 

Lemma 2

lemma2 : ∀n, m:ℕ. 〈n == m〉 ⇒ 〈m == n〉

lemma2 O O _ := ()
lemma2 (S n) (S m) H := lemma2 n m H
lemma2 O (S m) H := abort H
lemma2 (S n) O H := abort H
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Real Numbers

Approximations



 

Real Numbers

f : ℚ+⇒ℚ



 

Real Numbers

π 0.01 → 3.14



 

Real Numbers

Well Behaved 
Approximations



 

Real Numbers

|f δ − f ε| ≤ δ + ε



 

Real Numbers

ℝ := 
∑f:ℚ+⇒ℚ. ∀δ ε:ℚ+. 〈|f δ − f ε| ≤ δ + ε〉



 

Real Numbers

ι : ℚ ⇒ ℝ
ι : ℚ ⇒ ∑f:ℚ+⇒ℚ. ∀δ ε:ℚ+. 〈|f δ − f ε| ≤ δ + ε〉

ι q := (λ_. q, λδ ε. lemma3 q (δ+ε))
where
lemma3 : ∀q:ℚ. ∀ε:ℚ+. 〈|q − q| ≤ ε〉



 

Uniformly Continuous Functions

ℚ →uc ℚ :=

∑f:ℚ⇒ℚ. ∀ε:ℚ+. ∃δ:ℚ+.∀p,q:ℚ.
〈|p − q| ≤ δ〉 ⇒ 〈|f p − f q| ≤ ε〉



 

Uniformly Continuous Functions

μ : (ℚ →uc ℚ) ⇒ ℚ+ ⇒ ℚ+

μ (_, p) ε := π
1
 (p ε)



 

Uniformly Continuous Functions

lift : (ℚ →uc ℚ) ⇒ ℝ ⇒ ℝ
lift f x := (π

1
 f  ∘ x ∘ μ f, ...)



 

Uniformly Continuous Functions

(−ℝ) := lift (−uc)



 

Uniformly Continuous Functions

lift2 : (ℚ →ucℚ →uc ℚ) ⇒ 

ℝ ⇒ ℝ ⇒ ℝ



 

Uniformly Continuous Functions

(+ℝ) := lift2 (+uc)



 

Uniformly Continuous Functions

(minℝ) := lift2 (minuc)



 

Uniformly Continuous Functions

(maxℝ) := lift2 (maxuc)



 

Mathematics

Works



 

Mathematics

Computes



 

Real Numbers

(π
1
 π) 0.01 → 805∕256



 

Constructive Mathematics

Programming

Constructive
Mathematics



 

Classical Logic

A ∨
c
 B := ¬(¬A ∧ ¬B)

∃
c
a:A. (B a) := ¬∀a:A. ¬(B a)



 

Law of the Excluded Middle

λ(f, g). g f : A ∨
c
 ¬A



 

Classical Mathematics

Programming

Constructive
Mathematics

Classical
Mathematics


